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Summary. The genetic variance of a quantitative trait 
decreases under directional selection due to generation of 
linkage disequilibrium. After a few cycles of selection on 
individual phenotype, a limit is reached where there is no 
further reduction in the genetic variance. Bulmer's model 
is extended to an animal breeding situation where selec- 
tion is on information on relatives rather than on the 
individual's own performance. Algebraic expressions are 
derived to predict the decrease in genetic variance and 
associated reductions in heritability and response in the 
limit. Consequences of the results are discussed in the 
context of breeding strategies. 
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such as selection indices or Best Linear Unbiased Predic- 
tion (BLUP), which incorporate information on relatives, 
are widely used. 

Fimland 0979) has considered the effect of selection 
on both genetic variance of traits and covariance between 
traits. A procedure is described here to extend the results 
of Bulmer (1971) to the situation where selection is on an 
index based on information on relatives, to obtain the 
value of genetic variance when its limit under selection is 
reached. Associated with the reduction in genetic vari- 
ance is a decrease in heritability, which decreases accura- 
cy and response to selection. Algebraic expressions to 
predict the value of these parameters in the limit can be 
derived using the procedure described here. Implications 
of the results will be discussed in the context of breeding 
strategies. 

Introduction 

Bulmer (1971) has shown that if a quantitative trait is 
determined by an infinite number of unlinked loci, selec- 
tion will cause a temporary change in genetic variance 
due to the generation of covariances between genotypic 
values of different loci. Under selection, genetic variance 
decreases until a limiting value is reached in only four or 
five generations. At this point, the reduction in variance 
due to selection on parents is compensated for by the 
regeneration of variance due to free recombination. If 
selection is then relaxed, initial genetic variance is regen- 
erated quickly. Bulmer (1971) considered the effect of 
selection on genetic variance when the criterion for selec- 
tion is the individual's own performance. In many live- 
stock species the criterion is not always the phenotypic 
value of individual animals. Techniques for evaluation 

Genetic variance in the selected group of parents 

Let us consider a model where the trait is influenced by 
an infinite number of additive and unlinked loci with no 
dominance or epistasis. Population size is assumed to be 
infinite. Selection is on individuals and is directional and 
by truncation. Let A and A be bivariate normal variables, 
where A is the additive genetic value and ~ its estimate 
by selection index methods. We assume that there are no 
departures from normality after selection (Bulmer 1980). 
Now we rank animals by their A and then select the top 
ranking individuals A s. 

The regression equation of A on the selected individ- 
uals -4s is 

O'A,A r'~" 

As 
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with variance 

(O-A, "t)2 0-2 
Var [E (AI~,)] - (0-2)2 A, 

where /~A = overall mean of additive genetic values, #~ = 
mean of additive genetic values of selected individuals, 
0-} =var iance  of the estimated additive genetic values, 
and O-A, ,t = covariance between true (A) and estimated (~) 
additive-genetic values. 

The conditional variance of A given A, is 

Var (AId , )=0 .  2 -  (0-A'~)2 
0.i 

where 0-2 = variance of true additive-genetic values. 
The genetic variance in the selected group is 

0-2 = Var (AIA~)+Var [E(AIA~)] As 

= 0 - 2 - - 4 r  ~ 1 -  ~s 

= 0-2 (1 - k r 2 )  

with 

0-ZA . and k i ( i - x )  
2 r ~ 0-A 

where i and x are the selection intensity and normal  
deviate corresponding to the proport ion selected, so that 
with truncation selection, a} = (l - k) 0-} . These results 
were first obtained by Cochran (1951). 

With selection on phenotype, the accuracy of selec- 
tion (r) is x /h  2 and 0-2 - -  , ~ -  0-2 (1 - k h2), which is well known 
(Bulmer 1971; Robertson 1977). 

Genetic variance among offspring following selection 

Gametic  phase disequilibrium generated in selection of 
parents affects genetic variance among their progeny. 
With an infinite number  of unlinked loci, the disequilibri- 
um is halved in the progeny generation (Bulmer 1971) 
under random mating in the selected parents, so the total 
additive genetic variance among unselected progeny in 
generation 1 is 

0-2, = [1 - (1 /2)  kr2o] 0-20 

where 0.20 is the genetic variance in generation 0 and r o 
is the accuracy of selection in generation 0. 

In later generations the genetic variance becomes 

0.2At =[l_(1/2) kr2_l]0-2t_1+(l/2) (0-A o2 - -  0-At_12 ) 

where t is the generation number. 
The first term measures the new loss in variance at- 

tributable to disequilibrium, and the term (1/2)(0.2 0 - 
0-2_ I) measures the increase in genetic variance due to 

free recombination. After only a few cycles of selection, a 
limiting value for genetic variance is reached where the 
decrease in genetic variance due to generation of new 
disequilibrium is compensated for by the increase due to 
recombination. Genetic variance in the limit is 

(0-2 0.2 0-2AL = [1 - (1 /2)  r~k] ~2L+(1/2) ,  Ao-  A~, 

where 0-2at -- oA:-2 _ 1 -- 0-2L and r L is the accuracy in the limit. 
After some algebraic manipulation this reduces to 

0-2 0-20 
A~ - 1 + k r ~  (1)  

Limiting values for genetic variance, heritability, 
and response under phenotypic selection 

After repeated cycles of selection a limiting value for 
heritability is reached: 

0-2 
h~ ~L 2 2 ,  (2)  

GAL ~- 0-E 

where 0-2 is the environmental  variance that is assumed 
constant from generation to generation. 

After substituting the value of a :  from Eq. (1), the AL 
heritability in the limit becomes 

0-2 0 ho 2 
h~ - 0-2 j_ _ 2  - -  k 1.2 _2 - 1 + (1 - hl) k h 2 (3) A 0 I 0 E ~- H L 0 E 

where h 2 is heritability in generation 0, and r L = x ~ L  2 . 
The only solution to Eq. (3) is 

h~ = - l + x / l + 4 h  2 k ( 1 - h o  2) 
2k(1 - h l )  (4) 

A similar expression, but for the disequilibrium in the 
limit, was previously given by Bulmer (1971). Solving for 
heritability has the advantage that value of heritability in 
the limit is independent of the value of genetic variance in 
the base population. 

Figure 1 shows the values for heritability in the limit 
for different heritabilities in the base population prior to 
selection under three different selection intensities corre- 
sponding to selection of the top 1%, 20%, and 50% of the 
population. Values of h 2 and ho 2 are very similar if h 2 is 
either very high or low and when different selection inten- 
sities are compared differences between h 2 and ho 2 are very 
small. 

Substituting h~ from Eq. (1) gives genetic variance in 
the limit as 

2 0-20 (1 - hg) 0-2 AL 
l - 2 h o Z + x / / + 4 h ~  k ( 1 - h o  2) 

Associated with the changes in genetic variance and 
heritability are changes in response to selection. To esti- 
mate those changes independent of the value of genetic 
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Fig. 2. Changes under phenotypic selection in the percentage of 
decrease of the response in the limit, along with heritability in the 
base population for selection intensities corresponding to vary- 
ing proportions selected (t%, 5%, 10%, 20%, and 50%) 

variance, we will consider the percentage of decrease in 
the response in the limit, RL, with respect to that ob- 
tained in the first generation of selection, R i : 

ih L uA~_ 1 / h~ 
E = 1 --(RL/Ri) = 1 iho ua o X~ h~ (1 +kh~) 

The percentage decrease in response for different se- 
lection intensities and for different heritabilities in the 
base population is shown in Fig. 2. As heritability in the 
base population increases, so does the percentage de- 
crease in response. The effect of selection intensity on the 
percentage decrease in response is closely related to her- 
itability in the base population. The effect of selection 
intensity on decrease in response increases with heritabil- 
ity. 

L i m i t i n g  v a l u e s  for  g e n e t i c  v a r i a n c e ,  h e r i t a b i l i t y  

a n d  r e s p o n s e  u n d e r  i n d e x  s e l e c t i o n  

Obtaining the value of heritabitity in the limit can also be 
straightforward when the selection criterion is not perfor- 
mance of the individual. In this case, values of accuracy 
obtained by selection index theory are substituted in 
Eq. (1), a z is also substituted in the standard formula of AL 

heritability in Eq. (2), and then a solution is obtained for 
h 2. Values of genetic variance, accuracy, and percentage 
of decrease in response in the limit can be obtained by 
substituting the resulting value of h~ into the correspond- 
ing formula. 

We now consider a more complicated situation where 
sires are selected on the average of records on p daugh- 
ters, each with one record, and dams are selected on the 
average of n records each. We will consider the simplest 
of cases, where number of daughters per sire and records 
per dam are the same for any sire or dam, i.e., all animals 
of the same sex are evaluated with equal accuracy. The 
same generation interval is assumed in both sexes. It is 
convenient to decompose the value of repeatability in the 
limit into two components. 

0 . 2  j _  0 . 2  
A~-- P~ = h ~ ( 1 - w ) + w  repc = 0" 2 2 2 

AL -~- 0- PE -~- 0-TE 

where 0-ace = permanent environmental variance, 0 . 2 =  
temporary environmental variance and 

o-2 E 
W - -  - -  

The genetic variance in the limit is 

0 . 2  0 - 2  0 
AL 1 + (1/2) (k s r ~  + k d rZoL)' (5) 

where k s and k d are the values of k previously defined for 
sires and dams, respectively. 

Accuracy in the limit for sires and dams is 

~/4 p h~ rs~ = + ( p -  1) h 2 (6) 

X/ nh~ 
rz~ = 1 + ( n -  1) repL (7) 



Heritability in the limit is 0.6 

ho hi= t- ]' (8) 
1 + ( 1 / 2 ) ( 1 - h  2) L~ h 4 + 5  h [ + s  0.5 

where E 

0.4 
= [k~ p ( n -  1) (1 -w) ]  + [kd n ( p -  1)1 

fi= k~ p+[k~p ( n - l )  w]+ [4n ka] ~= 

7 = ( p _ l ) ( n _ l ) ( l _ w )  ~ 0.3 

5 = [4 ( n - l ) ( 1  - w ) l + [ p - l l + [ ( p - l ) ( n - l )  w] 1i 

e = 4 + 4 ( n - - 1 )  w �9 4~ 0.2 
c_ 

This equation has a solution between 0 and 1 which is ~: 

hl _ [(q cos q~)-- b] O. 1 
a 

where 

q~ = (1/3) arccos ( - 4 G / q  3] 

q = 2 j b 2 - a c  

G = a 2 d - 3 a b c + 2 b  3 

a = [2 ; ;+ (1 -h~)  cq 

b = (1/3)[26+(1 - h g )  f l - 2 7 h  2] 

c = (2/3) [ e -  6 ho 21 

d = - 2 h Z e .  

Values for heritability in the limit for different sets of 
parameters in Eq. (8) were obtained to show the relative 
influence of heritability in the base population, selection 
intensity, and accuracy. Three heritabilities, 0.10, 0.30, 
and 0.60, in the base population were considered, as were 
two different selection intensities corresponding to selec- 
tion in the top 50% in each sex, and the top 3% and 10% 
in males and females, respectively. Figures 3 and 4 show 
the changes in heritability in the limit along with the 
number of daughters in sire evhluations, when dams are 
evaluated on the performance of one (Fig. 3) and five 
(Fig. 4) records�9 The parameter w was set to 1/3 (re- 
peatabil i ty=0.40 for h 2 =0.10). Both selection intensity 
and accuracy produce changes in heritability in the limit, 
but the magnitude of such changes depends on the orig- 
inal heritability in the base population. Increased herita- 
bility and increased accuracy both reduce heritability in 
the limit�9 Differences between heritabilities in the base 
population and at the limit increase as heritability in the 
base population increases. 

Values of accuracy in the limit for sires and dams can 
be obtained substituting the previously obtained value of 
h~ in Eqs. (6) and (7), respectively. Genetic variance in the 
limit can be obtained substituting Eqs. (6) and (7) in 
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Eq. (5). Figure 5 shows values of accuracy in the limit for 
varying numbers of daughters per sire when dams were 
selected for their performance on one record. Selection 
intensity corresponded to selection of the top 3% and 
10% for sires and dams, respectively. Heritabili t ies in the 
base popula t ion  were 0.10, 0.30, and 0.60. Due to l inkage 
disequilibrium, genetic variance decreases and so does 
heritability. As a consequence, accuracy in the progeny 
test also decreases in comparison with the base popula-  
tion. 

Due to the changes in genetic variability, heritability, 
and accuracy, genetic progress is also affected. To mea- 
sure the magni tude of such changes we use the percentage 
of decrease in the response due to disequil ibrium in the 
limit. 

E = 1 - -  [ R L / R  1] 

rs~ i s + rDL i ,  

(~o i~ + ~o i~) , / i  + (1/2) G ~ + k~ ~ ) '  

where is and i v are selection intensities for sires and dams, 
respectively, rsL is accuracy for sires in the limit, rDL is 
accuracy for dams in the limit, rso is accuracy for sires in 
generation 0, and roo is accuracy for dams in generation 
0. Other  terms were defined previously. 

Values of the percentage decrease in response in the 
limit in relation to number  of daughters in the sire evalu- 
a t ion are shown in Figs. 6 - 8  for heritabilities of 0.10, 
0.30, and 0.60, respectively. Propor t ion  selected was 3% 
and 10% for sires and dams, respectively. The number  of 
records used in dam evaluation ranged from one to five. 
The value of w was set to 1/3. The propor t iona l  decrease 
in response increases as accuracy of sire and dam evalua- 
tion increases. As heritabili ty in the base popula t ion  in- 
creases, so does percentage decrease in response for any 
given level of accuracy, based on the number  of daughters 
of sires or dam records. 

Implications in breeding strategies 

The conventional  equation for predict ion of response 
(Falconer 1981) is appropr ia te  for only one generation of 
selection. When different schemes of selection are to be 
compared,  goals are to maximize long-term progress and, 
as has been shown here, the predictions using the stan- 
dard  equation (Falconer 1981) are biased upwards. Mag-  
nitude of the bias depends on heritability, accuracy, and 
selection intensity in each scheme. As animals are selected 
more accurately and with greater intensity, bias in predic- 
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tion of response increases. Nicholas and Smith (1983) 
have proposed  the use of M O E T  (Multiple Ovulat ion 
and Embryo  Transfer) to increase the rate of response in 
dairy cattle. In the juvenile scheme, response is increased 
through shortening the generation interval, al though ac- 
curacy of selection is decreased relative to the progeny 
test. When this scheme is compared  with t radi t ional  
breeding schemes in dairy cattle, the relative advantages 
will be larger than predicted, because animals are less 
accurately evaluated and, therefore, changes in genetic 
variabil i ty and response due to linkage disequilibrium 
will be less important .  Meyer and Smith (1990) came to 
the same conclusion through a simulation study. They 
showed the decrease in genetic variabil i ty and response, 
after repeated cycles of selection due to generation of 
linkage disequilibrium in a large dairy cattle populat ion.  
Possible applications of Restriction Fragment  Length 
Polymorphism (RFLP) in animal improvement  have 
been discussed recently (Soller and Beckmann 1982', 
Smith and Simpson 1986). Increased accuracy would per- 
mit increases in response to selection, but  of a smaller 
magni tude than predictions when animals are already 
accurately evaluated. This technique could, however, 
shorten generation intervals. It seems more appropr ia te  
in the comparison of different breeding strategies to use 
the procedure described here to predict  response in the 
limit rather than in the first generation. 

The causes of dispari ty between theoretical genetic 
progress and that  which has actually been at tained in 
dairy cattle have been discussed recently (Van Vleck 
1986). With  current selection intensities and levels of ac- 
curacy in the evaluations, the theoretical estimates of 
progress in milk yield are overestimated by more than 
20% in later generations with respect to first generation 

of selection. Therefore, other causes affecting response 
such as selection on secondary traits may  not  have been 
such impor tant  impediments  to response in milk produc-  
tion as has been suggested. 
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